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Sharp estimates of approximation of periodic functions in 

Holder spaces 


Yurii Kolomoitsev®"’*’^’^ and Jurgen Prestin'^’^ 

Abstract. The main purpose of the paper is to study sharp estimates of approximation of 
periodic functions in the Holder spaces for all 0 < p < oo and 0 < a < r. By using 
modihcations of the classical moduli of smoothness, we give improvements of the direct and 
inverse theorems of approximation and prove the criteria for the precise order of decrease of 
the best approximation in these spaces. Moreover, we obtained strong converse inequalities 
for general methods of approximation of periodic functions in Hp'°‘. 


1. Introduction and notations 

Let T = [0,27r) be the torus. As usual, the space Lp = Lp(T), 0 < p < oo, consists of 
measurable complex functions, which are 27r-periodic and 

ll/llp = (^^l/(3:)rdx) <oo. 

For simplicity, by L^o = Loo(T) we denote the space of all 27r-periodic continuous functions 
on T which is equipped with the norm 

ll/lloo = max|/(x)|. 

xeT 

Let us consider the linear Fourier means 

(1.1) Cnif,x)= [ f{t)Knix-t)dt, X G T, f e Lp, l<p<oo, 

Jt 

which are generated by some kernel 

n 

(1.2) Kn{x) = X ao,n = 1, n G N. 
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To estimate the error of approximation of functions by Fourier means (1.1) one usually uses 
the classical moduli of smoothness; 


^k{f,t)p= sup ||A|/||p, 

0<5<t 


where 

For a long time, there has been some interest in investigating the approximation of func¬ 
tions by the Fourier means in the Holder spaces. This interest originated from the study of 
a certain class of integro-differential equations and from applications in error estimations for 
singular integral equations (see, for example, [ 11 ] and [ 22 ]). 

We will say that / G 0 < p < oo, 0 < a < r, r G N, if / G Lp and 


(1.3) 

where 


h: 




I/IK’“ = sup 


\^U\\P 


h>0 


= sup ■ 
h>0 


UJrif, h)r 


h° 


Following the initial works of Kalandiya [11] and Prossdorf [22] the problems of approxi¬ 
mation in Holder spaces Hp°‘ were studied by loakimidis [9], Rempulska and Walczak [25], 
Bustamante and Roldan [2] and many others. One can find an interesting survey on this 
subject in [4], see also [21]. 

The standard results on approximation in Hp°^, 1 < p < oo, have the following form. If 
the means {Cn\ possess some good properties and / G Hp “, then 


(1.4) 


ll/-^n(/)|| 


TTr,a 

Tip 


< C sup 

0<h<l/n 


^r{f 7 


n G N, 


(see, e.g., [22], [21], [25] or [2]). Note that, the estimates of type (1.4) in general are not 
sharp. One can verify this by using a function / G Lp with G Hp “ and sufficiently 
large s. 

It turns out that one can obtain more general and sharper results by using the simple 
fact that any Fourier multiplier in Lp, 1 < p < oo, is also a Fourier multiplier in the Holder 
spaces Hp’“. Indeed, let C be any Fourier multiplier in Lp i.e., a bounded linear operator in 
Lp, which commutates with translates. Then 

(1-5) \\AliCf)\\p = \\CiAlf)\\p < \\Ch,^LjAU\\p. 

Thus, some known results about approximation of functions in Lp spaces with 1 < p < oo 
can be easily transferred to the Holder spaces. For example, let means (1.1) be such that for 
all f £ Lp and n G N: 

(1-6) 11/-£„(/)Up X Wfc , 

where, as usual, A{f,n) x B{f,n) means that there exist positive constants c and C such 
that cA{f,n) < B{f,n) < CA{f,n) for all / and n. Then, by using (1.5) and (1.6), one can 
easily derive 

(1-7) 11/-/:„(/) 11h"'“ xwfc (/,-) -ksuph"“wfc Ta);/, 

^ V njp h>o V njp 


(see Theorem 4.2 below). 
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Note that the inequalities of the form (1.6) were first obtained by Trigub in [33]. See also 
the results of Ditzian and Ivanov [6], in which such inequalities are called strong converse 
inequalities. 

It is easy to see that (1.7) for arbitrary k independently of r and with a two-sided estimate 
is an essential improvement of an estimate like (1.4). In this sense the problem of approx¬ 
imation in the Holder spaces “ for 1 < p < oo is an easy problem. But the analogous 
problem of approximation of functions in “ with 0 < p < 1 is much more difficult because 
the spaces Lp with 0 < p < 1 are essentially different from the spaces Lp with p > 1: as it 
was mentioned by Peetre [19] these spaces are ’’pathological” spaces. 

The main purpose of the paper is to study sharp estimates of approximation of periodic 
functions in the Holder spaces Hp‘^ for all 0 < p < oo and 0 < a < r. By using modifications 
of the classical moduli of smoothness, we give improvements of known direct and inverse 
theorems of approximation (see [2] and [3]) and prove the criteria of the precise order of 
decrease of the best approximation in We also obtain estimates like (1.7) for the 

general Fourier means (1.1) and for the families of linear polynomial means 

^ 4n 

( 1 - 8 ) X) = 

1=0 

where tj = 2Trj/{4n + l), A G R, and the kernel Kn is as in (1.2). These means were 
intensively studied in several papers of Runovskii and Schmeisser (see, e.g. [26], [27]). 

The paper is organized as follows: The auxiliary results are formulated and proved in 
Section 2. In Section 3 we prove the analogs in Hp'^ of some classical theorems of approxi¬ 
mation theory. We also obtain some new properties of the best approximation in In 

Section 4 we prove the two-sided inequalities for approximation of functions by some linear 
summation methods of Fourier series and by families of linear polynomial means. In Section 5 
we consider some corollaries and make concluding remarks. 

We denote by c and C positive constants depending on the indicated parameters. We 
also denote pi = min(p, 1). 


2. Preliminary remarks and auxiliary results 

Let us recall several properties of the Holder spaces 0 < p < oo. 

Lemma 2.1. (See [5, Ch. 2, Theorem 10.1 for the case q = oo].j Let 0 < p < oo, 
0 < a < r < k, and /c,r G N. Then the (quasi)-norms of a function in Hp^ and Hp'^ are 
equivalent. 


Lemma 2.1 does not hold in the case a = r. However, there exist the following descriptions 
of Hp^ for 1 < p < oo. 

Lemma 2.2. (See [5, Ch. 2, §9] and [l].j Let r G N. Then 

(1) Suppose 1 < p < oo. Then f G Hp^ iff G AC and G Lp. Moreover, 

(2) / G iff G AC (in the case r > 2) and is a function of bounded 

variation on [0,27r]. Moreover, 

II/IIh[’" = ll/lli +var[o,2^)/^''"^^- 

At the same time, if 1 < p < oo, r G N, and f G Lp is such that Ur{f,h)p = o{h''), 
then / = const. In the case 0 < p < 1 the situation is totally different. In [23], it was 
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shown that for any r G N and a G (0,r — 1 + 1/p] there exists a function f £ Lp such that 
ujr{f,h)p = In particular, for 


( 2 . 1 ) 


OO 

/(®) = 


iy=0 


sin((2u + l)x — 7r(r — l)/2) 

{2u + iy 


it is known from [23] that 

( 2 . 2 ) Ur{f.,h)p = 0{h'~^^p). 

For the complete description of functions satisfying condition (2.2) see [17] for the case r = 1 
and [ 12 ] for r > 2. 

Note that, in spite of the fact that the Holder spaces make sense for all a G (0, r — 
1 + 1/p] we will consider only the case a <r (see Remark 5.1). 

Let Tn he the set of all trigonometric polynomials of order at most n 




and let 

E„(/), = inf 11/ - T\\, 

J- ^ /n 

be the error of the best approximation of a function / in Lp by trigonometric polynomi¬ 
als of order at most n. A trigonometric polynomial Tn € 7^ is called polynomial of best 
approximation in Lp, if 

\\f-Tn\\p = Enif)p. 

Note that for any f £ Lp and n G N U {0} such polynomials always exist (see [5, Ch. 3, §1]). 

Recall the Jackson-type theorem in Lp-spaces, see [28] for 1 < p < oo and [30] for 
0 < p < 1 (see also [29] and [10]). 

Theorem A. Let f £ Lp, 0 < p < oo, A: G N, and n G N. Then 

(2.3) Enif)p<CuJk(^f,^^ , 

where C is a constant independent of n and f. 

We will use the following Stechkin-Nikolskii type inequality (see [7]). 

Theorem B. Let 0 < p < oo, n £ N, 0 < h < n/n, and r G N. Then the following 
two-sided inequality holds for any trigonometric polynomial Tn £%% 

(2.4) hy\Ti^\^WHTn\\p, 

where ^ is a two-sided inequality with absolute constants independent ofTn and h. Moreover, 
ifTn is a polynomial of the best approximation of a function f £ Lp, then we have 

(2.5) \\AlTn\\p<CuJr(^f,^y 

where C is a constant independent ofTn, h, and f. 

In our paper we will often use the following two properties of moduli of smoothness (see 
[5, Ch. 2, § 7 and Ch. 12, § 5] or [32, Ch. 4]). Let / G Lp, 0 < p < oo, r < A:, /c, r G N. Then 

(2.6) Uk{f,h)p<2^u:r{fMp<2n\\f\\p, h > 0, 


uJrif, i\h)p < rn ^(1-|-A)pi'''^ ^ujr{f,h)p, h > 0, A > 0. 


(2.7) 
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In this paper, we will deal with functions in Lp(T^) which depend additionally on a 
parameter A G T. We denote by || • ||p the p-(quasi-)norm with respect to both the main 
variable x gT and the parameter A G T, i.e. 

II ‘ lip — II II * lip; x\\p; X ; 

where || • \\p-^x and || • ||p;A are the p-norms (quasi-norms, if 0 < p < 1) with respect to x and 
A, respectively. 

We will understand the error of approximation of / G Lp by a family of linear operators 
neN, agt in the Holder spaces Hp°‘ in the following sense: 

(2.8) 11/ - = 11/ - Cn,x{f)\\p+\f - Cn,xif)\HL’-, 

where 

/o o'! \f r ('fil _ W^hif ~ ^n,x{f))\\p 

(2.9) / - .^n,A(/) - sup-—-. 

As usual, the norm of a linear and bounded operator Cn in Lp is given by 

ll^nll(p) = sup \\Cnif)\\p. 

Il/llp<l 

A sequence {£n}nGN is said to be bounded if the sequence of its norms is bounded by some 
positive constant independent of n. Now let us consider the family of operators {Cn,x} in 
Lp(T^). We define the (averaged) norm of such a family by 

I|{.C„,a}||(p) = sup \\Cri,x{f,x)\\p. 

Il/llp<i 

By the analogy, a family {/In, a} is said to be bounded if the sequence of its norms is bounded. 
Everywhere below {Cn^\} stands for families of linear polynomial means of type (1.8). 

Let us consider the inequalities of the type (1.5). It is well-known that there are no non¬ 
trivial Fourier multipliers in Lp with 0 < p < 1, but even if we replace in (1.5) the operator 
L by some family {/In, a}) this inequality does not hold in Lp, 0 < p < 1. Indeed, suppose the 
following inequality holds for some non-trivial family {Cn^x} 

(^^l|A);/:n,A(/)||^dAy <a,p||A);/||p, /gLp, o<p<i. 

Note that, for the function / from (2.1) we have ||A))/||p = but by Theorem B 

one only has that ||A))/ln,A(/)||p x /i’’ as /i —)■ 0. Thus, we have a contradiction. 

However, the following lemma holds. 

Lemma 2.3. Let f G Lp, 0 < p < oo, 0 < a < r, r, n G N, and let the family {Cn,x\ be 
bounded in Lp. Then 

(2.10) ( [ sup||/i-“A);/:n,A(/)||^dAy <C sup 

\JTh>0 J h>lln h 

with the usual modification in the case p = oo, where C is a constant independent of a, f 
and n. 

Proof. We treat only the case 0 < p < oo; similar arguments apply when p = oo. 

Let us first prove that for any n G N 

([ sup ||/i"“A);/:n,A(/)||^dA^ <c sup ^Xf Mp _ 

\JTh>l/n J h>l/n ^ 


( 2 . 11 ) 
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By [27, p. 28], we have 

(2.12) Cn,x{Tn) = Cn{Tn) 

for any G 7)i, n G N, and A G M. Therefore, we have also 

(2.13) AlCnM) = AlCn,xif - Tn) + AlCn,x{Tn) = AlCn,xif - Tn) + Cn,x{AlTn) 


for any /i > 0 and A G M. By Theorem A, we choose polynomials T„ G 7)i, n G N, such that 

1 ' 


(2.14) 


||/-T„||p<Ca;, /, 


n 


Thus, using (2.12)“(2.14), and the boundedness of {Cn^x}-, we obtain (2.11) by 

hA 


/ sup 
/t h>l/n 


\AlCn,x{f)\\l 


hap 

f \\AlCnAf-Tn)\\l,, , r WCniAlTnWp^, 

<C\ sup - - -r-dA + / sup --dA 


'T h>lln 


h°^P 


/T h>lln 


h^P 


<c(n'^P [ \\Cn,x{f-Tn)rpd^+ sup 
V JT h>l/i 


WCnAAlTnWp 


h>lln JT 


hap 


dA 


<c||{/:„,a}||J'p) (n“p||/-r„||^+ sup 


WaitX 


<C n‘^P\\f-TjP+ sup 


' h>7/n h-P 


l^Ufp 


^ ' h>i% h-P 


<C n°'Pur{f,l/n)l+ sup 


WAUfp 


^ h>i7 


< C sup 

h>l/n 


if, hfp 
hPP ■ 


Now, by using Theorem B and (2.11), we derive 

lAic^AfWp 


/ ■ hav 

hh>o h P 


-dA < 


I < sup + sup 

T \o<h<l/n h>lln 


\AlCnAf)rp 

hap 


dA 


f f if, h)^ 

< C ( L \\Al/^Cn,xifWpdX + sup — 


h>lln 


< C sup 

h>l/n 


(/, /i)p 

TTp ■ 


The last inequality implies (2.10). □ 

We will also use the following result, which can be obtained by repeating the proofs of 
formulas (6.1) and (6.3) from [27]. 

Lemma 2.4. Let f G Lp, 1 < p < oo, n G N, and let {Cn7 bounded operators in Lp. 
Then the following equivalence holds 

\\f - C-n{f)\\p-\\f - Cn,x{f)\\p- 
The lemma below gives an equivalent definition of (2.8)-(2.9). 
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Lemma 2.5. Let f G Lp, 0 < p < oo, 0 < a < r, r,n £ 'N, and let the family {Cn^\\ he 
bounded in Lp. Then 

\f - ^ A(/)|^.,.dAy 

with the usual modification in the case p = oo. 


Proof. The estimate from above is evident. Let us prove the estimate from below. As 
in the proof of Lemma 2.3, for the convenience, we treat only the case 0 < p < oo. 

Let Tn G Tn, n G N, be such that \f — = iufTeTii 1/ “ using two times 

Lemma 2.3 and (2.12), we obtain 


/ \f-Cn,x{fWj,r,c,dX 

Jt p 

<cf|/-r„|^.,„+ [ \Tr,-Cn,xiTn)\^Hr,.dX+ [ \Cn, xiTn - fW^r.^dx) 

\ P JT P JT P J 

<c(\f- + \Tn - Cn{Tn)fp,r,. + sup 

\ ^ ^ h>l/n IT- ‘ J 

“ V hLh hv J 

^ [ \ f rp \p ii^ p i fWP I f \\^h^n,x{f ~ ^n)||p 

<C[\f- Tn\fir,c + 1/ - Cn,x{fWHL’-‘ + sup / --C 

V P h>oJT u P 

<c(\f- + 1/ - Cn,xif%r,.) < c\f - a(/)|^.,«, 

\ P V J P 

which proves the lemma. 


□ 


3. Direct and inverse theorems. Properties of the best approximation in iLp “ 

Let 0 < p < oo, 0 < a < r, r, n G N. Denote the best approximation in Lfp “ by 

and consider the following modulus of smoothness 

Q f f x\ ^k{f} h)p 

Ok,a{f^h)p= sup - 

0<h<5 

which was initially used for the investigation of approximation in the Holder spaces (see, 
e.g., [4]). 

We obtain the following Jackson-type theorem in terms of 6k,a{f, h)p. 

Theorem 3.1. Let f G Hp^, Q < p < oo, Q < a < mm{r,k) orO<a = k = r, and 
r,k,n £ N. Then 


(3.1) 


- C9k,a ( /, - 


where C is a constant independent of n and f. 

Proof. Let a < min(r, fc) and T„, n G N, be polynomials of the best approximation of 
/ in Lp. By Lemma 2.1 and Theorem A it suffices to find an estimation for \ f — Tn\fjk,a. 
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We have 


(3.2) 


\f-Tn 




k,a ^ 


( sup 

0<h<l/n 


+ sup 

h>lln j 



5i + 52. 


Using Theorem A we obtain 


(3.3) 52 < Cn"!!/ - TnWp < Cn^Ukif, l/n)p < COk^aif, ^/n)p. 

Moreover, for 5i we estimate 


a ^ WKTnWp 

< C sup —P —- + sup 


(3.4) 


. 0</i<l/n 


/l° 


0<h<l/n 




<C 6'fc,a(/, l/n)p + sup 


IA^T 


h^nWp 


P ' ““i' i^a 


To estimate the last term in (3.4) we use Theorem B and Theorem A 


(3.5) 


sup 

0</i<l/n 


|A|r„||, 


/i° 


< Cn“||A^/„rj|p < Cn“(||/ - T^Wp + ||A^/J||p) 

< Cn‘^ujk{f, l/n)p < Cek,a{f, l/n)p. 


Thus, combining (3.2)“(3.5), we obtain (3.1) in the case a < min(r, k). The same scheme 
one can use in the case r = a = k. □ 


The converse result is given by the following theorem. 

Theorem 3.2. Let f G Hp^, Q < p < oo, Q < a < m.m{r,k) orO<a = k = r, and 
r,k,n G N. Then 


(3.6) 


^k,a 



c 

n^-a 


\u=0 


Tjr,a 

Tip 


1 

Pi 


where C is a constant independent of n and f. 

Proof. As above we consider only the case a < min(r,/c). Let G Tn, n G N, be 
polynomials of the best approximation of f in . Choosing m G N U |0| such that 
2"^ < n < 2™+i, we get 


(3.7) 0fc,„(/, l/n)Pi < 9k,a{f - T^^+i,lfn)P^ + 0fc,„(r2^+i, l/n)PL 

By the definition of the Holder spaces and Lemma 2.1, we obtain 


(3.8) 9ka{f T 2 m +1 ,l/n)p < 1/ T 2 m+l\„k,a < E 2 m+l{f)„k,a < C E 2 m+l{f) . 

rip rip p 


By (2.4) in Theorem B, we get 
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Using again inequality (2.4) and Lemma 2.1, we gain 


< ||(Ti -ro)W||pi + Il(r2,+1 


/^=0 


< 


( rn 

ujk{Ti - To, 1%^ + Y, (r2M+i - r2M, 2-(^+^)) 


/i=0 


Pi 

p 


(3.10) 


< 


C ||Ti - To||^\,„ + IIT 2.+1 - T 2 .1 


/^=0 


Pi 

H, 


k,a 


< 




/i=0 


<C 5^(p + l)('^-“)Pi-'i?,(/)^L,o 


\u=0 


Thus, combining (3.7)“(3.10), we get (3.6). 


□ 


Now let us consider the problem on the precise order of decrease of the best approximation 

TTr,a 

m Hp . 

Theorem 3.3. Let f G Hp’°‘, 0 < p < 00 , 0 < a < r, a < s, and r, s € N. There exists a 
constant L > 0 such that for any n G N 

(3.11) <LEn{f)Hf- 

iff for some k > s + 1/pi — 1 there exists a constant M > 0 such that for any h G (0,1] 

(3.12) 0sAf,h)p<MekAf,h)p. 

Remark 3.1. Note that the constants M and L in Theorem 3.3 may depend on f. 

Proof. To prove this theorem one can use the scheme of the proof of the corresponding 
result from [24] in the case 1 < p < 00 and from [14] for 0 < p < 1. To do this one only 
needs to apply Theorem 3.1, Theorem 3.2, and the following two properties of 0fc,a(/, (5)p, 
which can be easily obtained from (2.6) and (2.7), 

(3.13) 4,a(/,5)p <2V0,,,(/,5)p, 


(3.14) 9k,MAS)p<k^\ '(A + l)"^ “+A ^ek,M,s)p- 

Let us present the proof only for the case 0 < p < 1. 

Let condition (3.12) be satisfied. Then from (3.13) and (3.14) we get 

(3.15) 6'fc,«(/, A/i)p < 2~sp~^M{X + l)*““"^'^p6'fc,«(/, h)p 

for all A > 0 and h G (0,1]. 

Let us prove that 


(3.16) 


1 


nik-a)p 


"■ / 1 A ^ 

^ CMPek,c. if,-] 

u=o ^ V 



10 


YURII KOLOMOITSEV AND JURGEN PRESTIN 


where C is some positive constant independent of / and n. Indeed, by using Theorem 3.1 
and inequality (3.15), we obtain 


n 


< 


v=0 u=0 ^ ^ 


u=0 

CMP 


jl{k-s)p+p- 




Next, by using Theorem 3.2 and (3.16), we get that for all m, n G N 


Ok,a f, 




< 


C 


mn /„ (mnY^~°‘^P 

' y '■ ' u=\) 




(3.17) = 


C 


(mn)(^-“)P 




u=0 


mn 

{Tnn)0^~'^^P 

' ' u=n+l 


MP 


_„)0k,a f, 


m_{k-a)p 


> 


(mn 


'^(k-a)p 


c 


Ok,a (f, —Y - MPn^^-^^Pek,a (f, Y 
V mnJn V 


< C 

Inequality (3.17) implies that 

mn 

Y, (I' + l)'’--”"-£.(/)?,;.. 

i/=n+l ^ ^ p 

and, by using the monotonicity of En{f )Hl’°‘ and (3.15), we derive 

mn / ^\P 

En{f%r,. y {y + ly^'^P-^ > {Cm^^-^'^P+P-^ - MPy^-^'^PQu a /,-] ■ 

Thus, choosing m appropriately we can find a positive constant C = Ck,s,p,a,M such that 


En{ffpjr,o.>Cek,e. {f^Y) ■ 


From the last inequality and (3.12) we obtain (3.11). 

The reverse direction is an immediate consequence of Theorem 3.1, which finishes the 
proof. □ 


and Lp. 


1 

PI 


Now let us establish connection between the errors of approximation in the spaces Hp'°‘ 

Lp. 

Lemma 3.1. Let f G Hp^, 0 < p < oo, 0 < a < r, and r,n G N. Then 
(3.18) Cin^EM)p < En{f)H;-- < C 2 [ n^En{f)p + (yn^P^-^E^fp^ 

\ \u=n , 

where Ci and C 2 are some positive constants independent of n and f. 

Proof. Let T„, n G N, be such that ||/ — Tn||H^’“ = En{f)H^’<^- Then, by using Theo¬ 
rem A, we obtain 

n^En{f)p < Cn^ojrif - T^, l/n)p 

\Alif-T^)\\p 


< C sup 

0</i<l/n 




< CEnif)H-<^- 
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Now let US prove the estimate from above. Let T„, n G N, be the polynomials of the best 
approximation of / in Lp and let m G N be such that 2™“^ < n < 2”^. We can write 


-‘P) 


(3.19) / — T 21 T 1 + ^ ^ 172'^ in Lp 

v=m 

where U 2 '' = 221^+1 — T 2 ^. Using (3.19) we have 

00 

(3.20) 1/ - < \T2^ - TnT^r,o. + ^ IT 2.+1 - Ta. =51 + ^2. 

v=m 

By using Theorem B, we obtain 


pi 


(3.21) 


Si < sup + sup 

\0</i<2-’" /i>2-" 


\\AliT2m-T n)rp 

hapi 


< (||a^_(T2^ - TnWp^ + ||T2^ - r„||pi) 

< C2^P^^\\T2m - r„||Pi < Cn^P^EniffpK 

Again, by using Theorem B, we have 


52<J; sup h-^P^\\AlU 24 ^p^ + Y^ sup h-^P^\\AlU 24 ^p^ 

00 00 

(3.22) + \\^IU2A?p^ 


u=7n 

00 


h>2- 


< 


C ^ 2^P^''\\U2^\\Pp^ A c ^ 2^P^’^E2^{f)Pp^ < C'^m“^i-^L;^(/) 


Pi 

p ■ 


p=n 


Thus, combining (3.20)-(3.22), we obtain the upper estimate in (3.18). 


□ 


One can see from the above lemma that £'n(/)/f^’“ can tend to zero very fast. But at 
the same time if for some function / G Lp we have 9r,aif,S)p = 0(5’’““), then / = const. 
Besides, if 1 < p < 00 and / ^ const, then 0r,rif,S)p > C > 0 (see Lemma 2.1). Thus, 
estimates (3.1) and (3.6) are far from being sharp, because of the failure of 0r,aif,S)p- We 
introduce the new ’’modulus of smoothness”, which, as we think, will be more natural and 
useful in the Jackson-type theorem in the Holder spaces 22p“. At least, the idea of this 
modulus of smoothness works for the strong converse inequalities in the Holder spaces (see 
the next section). 

Let 0 < p < 00 , 0 < a < r, and r, /c G N. Denote 


V’A:,r,a(/; 5)p 


sup 

0<h<S 


u^k{Alf,5)p 


It is easy to see that for / G Lp, r,k gN, 0 < a < r, and 5 > 0 

(3.23) 0k+r,a{f} ^)p — '4’k,r,a{f 1 ^)p — C^min(fc,r),a(/)'^)p) 

where C is a constant independent of / and S. 

Now let us consider the following improvement of Theorem 3.1. Actually, in view of 

(3.23) , it is an improvement only in the case a = r. 
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Theorem 3.4. Let f € Hp , 0 < p < oo, 0 < a < r, and k,r,n £ N. Then 


(3.24) 

In particular, for all 0 < p < oo we have 


4’k,r,a if, ^/n)p , 


V 


(3.25) 


En{f)Hr<cU 


V- fuJr+k{f,t)pY^ 


t°‘ 


1 < p < oo, 


, 0 <p<l. 


where C is a constant independent of f and n. 


Proof. Inequality (3.24) in the case 0 < p < 1 is a direct consequence of Lemma 3.1 
and Theorem A, that is we have 

(3.26) EM)Yp- ^ C (n^^EMfp + E < C f ‘^r+k{f,t)p Y 

Let US consider the case 1 < p < oo. Let Vn, n G N, be linear polynomial operators of 
the form (1.1) such that 


(3.27) 


11/ - ynif)\\p < Ck+rOJk+rif, l/n)p. 


By [5, pp. 204-205] such operators always exists. 
Thus, by using (3.27), we have 


(3.28) 


Enif)Hr ^ ^ (ll/ - - ^nif)\Hf-) 

< C (u)r+k{f, l/n)p + \f - Pn(/)|//;’“) • 


It is evident that one only needs to estimate the second term of the right-hand side in (3.28). 
We have 


(3.29) I/-K(/)< sup sup 

\^0<h<l/n h>lln j 


\Aiif-vMmp 

/i“ 


= Si + S2. 


Again by using (3.27), we get 
(3.30) 


S 2 <Cn'^\\f-Vn{f)\\p<Cn^uJr+k{f,l/n)p = Cn'^ sup ||A^A^/||j 

0<(5<l/n 


< Cn" sup sup \\AsAlf\\p<C'il>k,r,a(f,-'] 

0<h<l/n0<5<l/n \ i 


0<fe<l/n0<5<l7 

To estimate Si we use the equality A)]V)i(/) = V)i(A))/) and once again (3.27). Thus, we 
have 

\\Kf-yniAY)\\p 

(3.31) 5^1 = sup - — - < C'll)k,r,a [ f, 


0<h<l/n 


n 


Hence, combining (3.29)-(3.31), we get (3.24) for 1 < p < oo, and (3.24) is proved. 
To prove (3.25) one can use (3.33). 


□ 


It turns out that under some natural condition on a function / the modulus of smoothness 
V’A:,r,a(/) l/^)p is equivalent to the corresponding integral in (3.25). 
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Lemma 3.2. Let f € Lp, 0 < p < oo, 0 < a < r, and A:,r G N. Suppose that there exists 
a positive constant C independent of f and 5 such that 


(3.32) 

Then 


^ ^r+k{f, t)p 


dtyi ^ iVr+k{f,S)p 

t) - 5“ 


0 < (5 < 1. 


(3.33) 


^r+k{f, t)p 


PI PI 


^ ‘4^k,r,a if 1 ^)p ) 


0 < 5 < 1. 


Remark 3.2. 1) Note that the estimate from below in (3.33), which is used in the proof 
of Theorem 3-4, holds without assumption (3.32). 

2) Note that condition (3.32) is equivalent to 


^r+k{f,t)pdt ^ ^Ur+kif-,h)p 
Si G-r--, 




t 


0 < (5 < 1, 


where C is a constant independent of f and S (see [31, Corollary 4.10]^. 


Proof. The estimation from above can be easily obtained from (3.32) and from the 
corresponding estimation for 5~°‘ujr +k if,h)p in (3.30). 

Let us prove the estimation from below. Let T21', v G Z_|_, be polynomials of the best 
approximation of / in Lp. Let n G Z_|_ be such that < 5 < 2“”. We have 


(3.34) V’A:,r,a(/,W <V’fc,r-,a(/, <l/>fc,.,«(T2.,2-)Pl ,,„(/-Tan, 2-)PL 


To estimate the first term in the last inequality we use Theorem A and Theorem B. We 
obtain 


(3.35) 


V^fc,r,a(T2n,2-)p < C2“-||A^2-^2 "|Ip < ^2“ 
< C2“-u;,+fc(/,2-)p < Cr“a;,+fc(/,5/2)p 


-T2.\\p + \\Ay„f\\p) 


< C 


f U}r+kif,t)pY^ f ‘^r+kif,t)pY^ dt^ Pi 


IS/2 


V 


V 


t 


To estimate the second term in (3.34) we use (3.22), (3.26), and (2.7). We conclude 


A,rAf-T2-^2-^Tp^<C\f-T2^ 


IP1 


< 






(3.36) 


< C 


" f Ur+kif,t)pY^ ^ f ‘^r+kif,t)pY^ dt 


V t" 


— <c 

t ~ 


t°‘ 


Thus, combining (3.34)-(3.36), we obtain the estimate from below in (3.33). 


□ 


From Theorem 3.1 and inequality (3.23), Theorem 3.4 and Lemma 3.2 we deduce the 
following assertion. 

Corollary 3.1. Let f G 0<p<oo, 0<a<r, and A:,r G N. For 0 < p < 1 and 
a = r suppose also that f satisfies condition (3.32). Then 

(3-37) Enif )Hl’<^ - ^A,r,a if, 1/^)^ , 

where C is a constant independent of f and n. 
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Corollary 3.1 implies that one can replace the integral by the modulus ipk,r,aif, 1/^-)^ in 
(3.24) when a < r and 0 < p < 1. We do not know whether it is possible in the case a = r. 
But we are inclined to believe that the answer is negative. Indeed, it is well-known that for 
any / G Lp, 1 < p < oo, and for any T„, n G N, such that Tn ^ f and ^ g in Lp we have 

11/— r„|| „i,i —> 0 as n —)■ oo 

Jrlp 

(see Lemma 2.2 and [18, Lemma 4.5.5]). In the case 0 < p < 1 the situation is totally 
different. In particular, the following proposition holds: 


Proposition 3.1. Let 0 < p < 1. There exist a function f € Lp and polynomials Tn, 
n G N, such that Tn ^ f and Tf ^ g in Lp, hut 

11/ — T„||j:^i,i > Cf > 0 for sufficiently large n. 

Proof. We will use an example from [8]. Let 

X, X G [0,7r), 


fix) = 


2tt — X, X G [vr, 27 r] 


and /(x) = f{x + 27r). Let also 

k 


9nix) = { 


n 


n 


X - 


k + l 1 

-h ^ I n, 

n 


k k + l 1 

- < X <-^ 

n n 

k + l 1 




- K < X < 


k + l 


n 


n 


2 — 


n 


for k = 0,1,... ,n — 1, gnix) = 1 — gnix — 1) for 1 < x < 2, and (pn(x) = ngnix/Tr) for 
X G [0, 27 r]. 

We will need the following inequalities: 


^-^'K\\p<Cn-+ 


(3.38) iOi{(pn, ^/n)p < Cn 

One can find the first inequality in [16], but the second one can be verified by simple calcu¬ 
lation. It is also easy to see that 

11/ - TnWp = 0{l/n ). 

Let Tn, n G N, be polynomials of the best approximation of (/?„ in Lp, 0 < p < 1. By 
using (2.3) and (3.38), we have 

- TnWp < C{\\f - ifnWp + W+n “ Pn||p) 

< C{n~^ + coii+n, 1/'R)p) < Cn~^. 

Taking into account Theorem B and (3.38), we get 

(3.40) [|r/||p < Cnuiipn, 'i-/n)p < Cn^~p. 

Thus, by using (2.4) and (3.40), we obtain 

lK(/-rn)ll^ 


(3.39) 


-Pn||^l,l> sup 


> sup 


P 0<h<l/n 

\+.m 


0<h<l/n 


hP 


sup 


0<h<l/n 


hP 

WKTnWl 

hP 


>TTP-C\\TlX>^P-CnP-^. 


□ 


The following two theorems can be obtained in the same manner as Theorem 3.2 and 
Theorem 3.3 above. 
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Theorem 3.5. Let f € Hp , 0 < p < oo, 0 < a < r, r,k € N, and n G N. Then 


(f,^) < S ( E(- + 


PI 


n J p n'' 


\u=0 


where C is a constant independent of f and n. 


Theorem 3.6. Let f G Hp''^, 0 < p < oo, r, s G N, 0 < a < r. Suppose also that f 
satisfies eondition (3.32) in the case 0 < p < 1 and a = r. There exists a eonstant L > 0 
sueh that for any n G N 


(3.41) 

iff' for some k > s + 1/pi 


fi’s 


,r,Q: 



< LEn{f)Hl’°‘, 

P 


1 there exists a eonstant M > 0 sueh that for any /i G (0,1] 


(3.42) 


'f’s,r,aif 7 ff)p — ^'4^k,r,aif 7 hfp- 


In Theorem 3.6 we found the lower estimate for En{f)pjr-,a under conditions (3.42) and 
(3.32). It turns out that for En{f)pj^,°‘ with 0 < p < 1 there exists a non-trivial estimate 

differences. 

a <r, and r G N, then for all n €'N 
CpEn{f)Hl’°‘7 

2vrj 

Proof. Let 

L;0(/)p = inf|||/-r||p : TGTn, ^T(t)dt = o|. 

It turns out that 

Cpn^~p\\fn\\p < E^{f)p < Cp (n^~p\\fn\\p + £^n/2(/)p) • 

The estimation from above can be found in [13]. To estimate E^{f )p from below let us note 
that for any T„ G JjT(t)dt = 0, we have 

.. 4n 

/n(A) = ^ + '^) “ '^nitj + A)). 

j=0 

Applying this equality, we obtain 


from below for all / G Hp^ in terms of the special 
Proposition 3.2. If f e Hp'"", 0 < p < 1, 0 < 


l-i 
n p sup■ 
h>0 


IIK/X 


< 


where 


fn{X) = 


4n 




412 

||7n||^<7-4—E [ \fitj + X)-Tn{t, + XWdX<Cn^-P\\f-Tnrp. 

Now, let T„ G 7)i, n G N, be polynomials of the best approximation in Hp°‘. Thus, from the 
above inequality we have 


i-i 

n p sup■ 
h>0 


h 


a 


<r 

< C sup — 
h>0 




< C sup 

/i>0 


Whf-/XIT, 


n\\p 




< CEfff) 


h;’<-7 


which proves the proposition. 


□ 
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4. Two-sided estimates of approximation by linear polynomial methods in iJp “ 

To formulate the main theorems in this section we need some auxiliary notations. For 
that purpose let us introduce the general modulus of smoothness. 

Definition 4.1. We will say that w = w{-, ■)p G Dp = D(Lp, M+), 0 < p < oo, if 
1) for f £ Lp and for any 5 > 0 we have 

(4.1) wif,S)p<C\\f\\p- 
for f,g £ Lp and for any 5 > 0 we have 

(4.2) w{f + g, 5)p < C{w{f, S)p + w{g, S)p), 
where C is a constant independent of f, g, and 5. 


As a function w we can take, for example, the classical modulus of smoothness u}k{f,S)p 
of arbitrary order k, or a corresponding AT-functional or its realization (see [7]), but one can 
also use more artificial objects, which were introduced and studied in [15]. 

Definition 4.2. For a funetion w £ Ftp we define a ’’modulus of smoothness” related to 
the Holder space Hp°‘ as follows 

n , w{Alf,5)p 

(4.3) w{f, = w{f, 6)p + sup-—-. 

^ h>0 a 

Let us consider some examples. It turns out that if we take w{f,5)p = ||/||p, then 

(4.3) defines the norm in Holder spaces, which was introduced in (1.3). However, if 
w{f,S)p = LJk{f,S)p, then formula (4.3) provides the definition of the corresponding mod¬ 
ulus of smoothness in Holder spaces Hp°‘, see the right-hand side of formula (1.7), and if 
rc(/, 1/n) = 11/ — T„^a(/)|Ip) then in (4.3) we will have formula (2.8). 

Now we are ready to formulate our main result in this section. 


Theorem 4.1. Let 0 < p < oo, 0 < a < r, and r G N. Let {C-n,\} he bounded in Lp, 
wc £ Lip, and let us assume that the following equivalenee holds for any f £ Lp and n £ N.' 

(4.4) \\f - k:n,x{f)\\p-'OJc(^f,^^ • 

Then for any f £ Hp°‘ and n £N we have 

Wf-CnMmHL^^-Wclf,-) + 

^ V 


(4.5) 


En{f)Hf°‘^ 0<p<l, 
0, 1 < p < oo. 


Proof. We start from the case 0 < p < 1. 

Let us first prove the lower bound for ||/ — Cx n(/)||r 7 L“- It is evident that 

’ p 

(4.6) En{f)H;’°‘ < 11/ - 7iA,n(/)||HL“- 

P p 

Thus, by (4.6) and (4.4) we only need to prove that 

wc{Alf,l/n)p 


(4.7) 


sup ■ 

h>0 




<ll/-^A,n(/)|lH- 


By properties (4.1) and (4.2) we obtain 
(4.8) 


27r 


wc{Alf,l/nYpd\ 

< C (|| AU/ - + I l/nYpdX^ 
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and, by (4.4) we arrive at 

(4.9) [ wciAlCnAf), l/n)^dA <C [ [ - CnA^l^nA^WpdXdp. 

Jt JtJt 

Note that for any A, /3 G M we have 

(4.10) CnA^^nAf)) = AlCnA^nAf)) 
and 

(4.11) Cn,X - C-nfi o /in,A = (/in,A -/) + (/“ /in,/?) + O (/ - /in,A), 

where / is the identity operator. 

Thus, by (4.9), (4.10) and (4.11), we obtain 


WcAlCnAf), i^dA < c{ WAUCnAf) - f)\\ 


(4.12) 


+ \\AUf-Cr.Af)m + 


T JT 


\Al£nAf-^nAf)Wpd^dp. 


By using Lemma 2.3 and Lemma 2.5, we also conclude 

\AiCnAf - ^nAm\p 


sup 

h>0JTJT 


hap 


-dAd/3 < 


T Jf 


|/in,/3(/-/in,A(/))|^.,«d/3dA 


(4.13) 


< c 


^r{f-Cr,Af)Afp,, 

sup --i-dA 


/T h>l/n 


hap 


<C [\f- /in,A(/)|^.,.dA < C\f - CnAf)\A’ 
Jt "r "p 

Thus, combining (4.12) and (4.13), we have 

wc{AlCnAf)^'^/Ap 


sup 
h>o Jt 


hap 


dx<c\f-CxAf)\A<^- 

p 


The last inequality together with (4.8) implies (4.7). 

Now, let us prove the upper bound. It is sufficient to prove that 

wc{Alf, l/n)p 


(4.14) 1/ - /in,A(/)lHL.“ < C Tsup ■ 

^ \h>0 


h° 


+ inf \f-T\jpr,c 
TeTn ' 


Let Tn € Tn de an arbitrary polynomial. Then 

(4.15) 

\\Alif - /in,A(/))||p < C iWAlif - TA\p + IIA^Tn - /in,A(Tn))||p + \\AlCnAf ” Tn)\\p) 
By Lemma 2.3, we have 

(4.16) |/in,A(/ - 7"n)|//r“ < C\f - 
Note also that 


jr,a . 
^P 


(4.17) AlCnATn) = CnA^lTn). 

Thus, by using (4.17) and (4.4), we have for any h > 0 

(4.18) IIA^Tn - CnATnMp = \AlT^ - CnA^lT^Mp < CwciAlT^, l/n)p 
and, by using (4.1) and (4.2), we obtain 

(4.19) wciAlTn, l/n)p < C {wAAlf, l/n)p + \\AUf - TA\p) ■ 
Combining (4.15), (4.16), (4.18), and (4.19), we get (4.14). 



18 


YURII KOLOMOITSEV AND JURGEN PRESTIN 


To prove the theorem in the case 1 < p < oo one can take into account Lemma 2.4 and 
the equality 

l|A^,(/ - Cnimip = \\Alf - Cn{AU%, 

which yields the desired result. □ 

By using the same arguments as in the above proof of Theorem 4.1 one can easily show 
the following theorem for p > 1. 

Theorem 4.2. Let I < p < oo, 0 < a < r, and r G N. Let {Cn} he bounded in Lp, 
wc G Lip, and let us assume that the following equivalence holds for any f £ Lp and n G N; 

\\f - L:n{f)\\p-wc(^f,^^ . 

Then for any f G Hp'^ and n G N ice have 

\\f - ^n{f)\\H;’‘^ -wc(f,-') 

V 

In the case 0 < p < 1 the problem is more complicated, which is based on the difficulty 
of sharp estimates for En{f)Hl’°‘- But some relationship can be presented. 

By using Theorem 4.1, Theorem 3.4, and Proposition 3.2 we can prove the following 
result. 


Corollary 4.1. Let 0 < p < 1, 0 < a < r, r,/c G N, and wc G Lip. Suppose also that 
is bounded in Lp and that the following equivalence holds for any f £ Lp and n £ N.' 

\\f-h:n,x{f)\\p-Wc (f, ^ 


(4.20) 


n 


Then for any f £ Hp'^ and n G N ice have the following two-sided estimate: 


(4.21) 


wc /, 


1 


n 


1 - 


H' 


+ n p sup 
h>0 


WiKfl 


h° 


<C\\f-Cr.Af)\\Hl:-, 


(4.22) 


C\\f-£n,x{f)\\H-<^<Wc{f. 


n 


+ 


H' 


f Wr+k{f,t)p y’ ^ 

1 V )t 


Remark 4.1. Note that the second term in the right-hand side of (4.21)-(4.22) can he 
replaced by Or,a{f,^/n)p (see Theorem 3.1) or by 'ipk,r,a{f,l/^)pj /c G N, i/r > a or i/ 
condition (3.32) holds for the function f (see Theorem 3.4 and Corollary 3.1). 


For some classes of functions and for the classical moduli of smoothness one can also 
obtain sharp two-sided estimates. Indeed, by using Theorem 4.1 and Corollary 3.1 and 
taking into account that 'tl’k,r,a{f, h)p < uok (/, h)pjr,a, we get the following result. 

Corollary 4.2. Let 0<p<l, 0<a<r, rGN, and /c G N. Suppose also that {Cn,x} 
is bounded in Lp and that the following equivalence holds for any f £ Lp and n £ N.’ 

\\f - ^n,xif)\\p>i Wk (^f,^ . 

If r > a or f £ Lp satisfy condition (3.32), then we have the following equivalence: 

\\f - Lln,x{f)\\Hl:‘^ -Wkff,-] 

^ V 
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5. Some corollaries and concluding remarks 

Let us now discuss two-sided inequalities like (4.5) and (4.20) for 9r,a{f-,d)p. It turns out 
that in terms of 0r,aif,d)p such inequalities, in general, do not hold. However, we can prove 
the following results, which can be of interest for some particular functions /. 

Theorem 5.1. Let 0 < p < oo, 0 < a < r, and r G N. Suppose also that {Cn^\} is 
bounded in Lp and that the following equivalence holds for any f € Lp and n G N.’ 

\\f-CnM)\\p-^r(^f,l^ ■ 

Then the following equivalence holds for any f G Hp°‘ and n G N.' 

(5.1) +ll/-^n,A(/)||/f-^0.,a(/,^) . 

Before proving Theorem 5.1 let us note that the estimate from above (5.1) is a simple 
corollary from Theorem 4.1 and Theorem 3.1. Concerning the estimate from below it turns 
out that these estimates do not hold without the first term in the left-hand side of (5.1) (see 
Proposition 5.1 below). 

Proof. As it was mentioned above it is sufficient only to prove the estimation from below. 
Let h G (0,1/n) be hxed and G Tn, n G N, be polynomials of the best approximation in 
Hp°‘. By using Theorem B, we obtain 

h-<^\\AU\\p < Ch-^ iWAlif - Tn)\\p + WA^TnWp) 

< C [h-^Alif - Tn)\\p + n“||A^/„r„||p) 

< C (h-^IIAU/ - T„)||p + n“||A^/J/ - Tn)\\p + n'-\\A[/J\\p) 

< C (^11/ - TnWn^’^^ + l/n)p) 

< C (ll/ - Cn,\{f)\\H4;°^ ^ n‘^‘^rif, l/n)p) • 

Theorem 5.1 is proved. □ 

Now we show that the first term in the left-hand side of (5.1) cannot be dropped. 

Proposition 5.1. Let 0 < p < oo, 0 < a < r, and r G N. Suppose that {Cn,\} is bounded 
in Lp and that the following inequality holds for any f & Lp and n G N.' 

\\f-CnM)h<C^r(yf:^ , 

where C is some constant independent of f and n. Then, for any non-constant function f, 
jp-i) ^ AC, f^C (z with p* = max(l,p), and for any sequence {Sn} with —)■ 0-|- there 
holds 

9r,a (/) 1/^)p 

enn°‘u:r{f, l/n)p -h ||/ - /:„,a(/) 11^1’“ 

P 


OO as n ^ oo. 
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that 

(5.2) 


Proof. By using the inequality 9r,aif, ^/iT')p > ^/n)p it is sufficient only to prove 

11 / - 


0 as n —>■ oo. 


n°‘u}r{f, 'i-/n)p 

Suppose that there exists a constant Af > 0 such that for any n G N 

(5.3) n°‘u;r{f, ^/n)p < Af\\f - £n,\{f)\\Hg°‘■ 

Recall, that if /h-i) g AC and G Lp, 1 < p < oo, then 

(5.4) UJr{f,6)p<Cr,p5^\\f^^^\\p 
and 


(5.5) U,2r{f,6)p < C5^UJr{&\5)p < C<5''+“||/W||^.. 

(see [5, p. 53]). Thus, by using Holder’s inequality, and (5.4), we get that for any h > 0 

(5.6) ujriAlf,5)p < CojriAy,5)p^ < C6^\\Ay^''^\\p,. 

By using (3.25) and (5.5) we also have for any n G N 

(5.7) 

Thus, combining (5.3), (5.6), (5.7) with (4.5), we finally obtain 

cOr if, l/n)p < CAfU-^ [urif, 1/n)^.. + EM)Hr) < 

However, if /h-i) ^ AC and / ^ const, then the last statement is impossible, see Lemma 1.5 
in [29] and Theorem 3.5 in [8]. 

Thus, we have proved (5.2) and hence our proposition. □ 

The following two corollaries can be obtained by a standard scheme (see, for example, [4], 
[21], and [20]). In particular, by Theorem 3.4 we obtain the following result. 


Corollary 5.1. Let 0<p<oo,0<f3<a<r,r€N, and n G N. Then the following 
inequalities hold for any f G Hp°^: 


C 


Enif)Hr,P < :^\\f\\H;’‘^ 


and 


C 


Enif)Hr,P < ^^Enif)H;’‘^ 


Corollary 5.2. Let 0 < p < oo, 0</3<a<r, r, /cGN, / G Hp’^, and 0 < 7 < /c. 
Suppose also f satisfies condition (3.32) in the case 0 < p < 1 and a = r. Then the following 
assertions are equivalent: 

(i) f’k,r,aif, h)p = 0{h^), h —?> +0, 

{ii) En{f)H;’°‘ = O (n“^), n^oo, 

{in) Enif)p = O (n“'^“"), n ^ 00 , 

(iv) En{f)jjr,p = O (n“^""+^) , 00 . 

If, in addition, a + j < k, then 

(v) u,kif,h)p = Oih"'+^), h^+0. 


Proof. The equivalence (i) 47 (ii) follows form Theorem 3.5 and Corollary 3.1. The 
equivalences {ii) 47 {Hi) 47 {iv) follows form Lemma 3.1. The equivalence {Hi) 47 (u) is 
standard, see [5, Ch. 7, §3], see also Theorem A and [10, Theorem 5] for the case 0 < p < 


1. 


□ 
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Remark 5.1. In all above results we suppose that r > a. This assumption is essential. 
Indeed, if a > r, then the quantity is not well-defined. For example, let the 

function f ^ const be such that ujr{f,h)p = 0{h'^). Then, by using Theorem B, we have for 
any 0 < /i < 1/n 

Cl/l^-“||rW||p - Cfi\f\\H-- < Enif)Hr- 

That is En{f)H^’‘^ = oo. 


Remark 5.2. Some of the above results remain true in more general Holder spaces Hp'^, 
with the norm 


ll/ll 


Tjr,u 

Tip 


ll/llp + sup 
h>0 


Lo{h) 


where the function oj is some modulus of continuity such that the fucntion is monotoni- 
cally decreasing, see e.g. [21]. 


Acknowledgements The authors are indebted to the referees for a thorough reading 
and valuable suggestions, which allowed us to improve this paper considerably. 


References 

[1] Yu.A. Bmdnyi, Criteria for the existence of derivatives in Lp, Math. USSR-Sb. 2 (1) (1967) 35-55. 

[2] J. Bustamante and C. Roldan, Direct and inverse results in Holder norms, J. Approx. Theory 138 (2006) 
112-132. 

[3] J. Bustamante, M.A. Jimenez, The degree of best approximation in the Lipschitz norm by trigonometric 
polynomials, Aportaciones Mat. Comun. 2 (1999), 23-30. 

[4] J. Bustamante, M.A. Jimenez, Trends in Holder approximation, in: Proceedings of the Fifth Interna¬ 
tional Conference on Approximation and Optimization in the Caribbean, Guadeloupe, France, 1999; M. 
Lassonde (Ed.), Approximation, Optimization and Mathematical Economics, Springer, Berlin, 2001, pp. 
81-95. 

[5] R.A. DeVore, G.G. Lorentz, Constructive Approximation, Springer-Verlag, New York, 1993. 

[6] Z. Ditzian, K. Ivanov, Strong converse inequalities, J. d’Analyse Math. 61 (1993) 61-111. 

[7] Z. Ditzian, V. Hristov, K. Ivanov, Moduli of smoothness and JC-functional in Lp, 0 < p < 1, Constr. 
Approx. 11 (1995) 67-83. 

[8] Z. Ditzian, S. Tikhonov, Moduli of smoothness of functions and their derivatives, Studia Math. 180 (2) 
(2007) 143-160. 

[9] N.I. loakimidis. An improvement of Kalandiyas theorem, J. Approx. Theory 38 (1983) 354-356. 

[10] V.I. Ivanov, Direct and inverse theorems of approximation theory in the metrics Lp for 0 < p < 1, Math. 
Notes 18 (5) (1975) 972-982. 

[11] A.I. Kalandiya, A direct method for the solution of the wind equation and its applications in elasticity 
theory. Mat. Sb. 42 (1957) 249272 (in Russian). 

[12] Yu.S. Kolomoitsev, Description of a class of functions with the condition u>r{f,h)p < for 

0 < p < 1. Vestn. Dnepr. Univ., Ser. Mat. 8 (2003) 31-43 (in Russian). 

[13] Yu.S. Kolomoitsev, On approximation of functions by trigonometric polynomials with incomplete spec¬ 
trum in Lp, 0 < p < 1, J. Math. Sci. (N. Y.) 165 (4) (2010) 463-472. 

[14] Yu.S. Kolomoitsev, On moduli of smoothness and Fourier multipliers in Lp, 0 < p < 1, Ukr. Math. J. 59 
(9) (2007) 1364-1384. 

[15] Yu.S. Kolomoitsev, R.M. Trigub, On the nonclassical approximation method for periodic functions by 
trigonometric polynomials, J. Math. Sci. (N. Y.) 188 (2) (2013) 113-127. 

[16] K.A. Kopotun, On equivalence of moduli of smoothness of splines in Lp, 0 < p < 1, J. Approx. Theory 
143 (1) (2006) 36-43. 

[17] V.G. Krotov, On differentiability of functions in Lp, 0 < p < 1, Sb. Math. USSR, 25 (1983), 101-119. 

[18] S.M. Nikolskii, Approximation of Functions of Several Variables and Imbedding Theorems, Springer- 
Verlag, Berlin, 1975. 

[19] J. Peetre, A remark on Sobolev spaces. The case 0 < p < 1, J. Approx. Theory 13 (1975) 218-228. 

[20] J. Prestin, Best approximation in Lipschitz spaces, in: Coll. Math. Soc. Jan. Bolyai 49: Alfred Haar 
Memorial Conf. (Eds. J. Szabados, K. Tandori) Budapest Jan. Bolyai Math. Soc. 1987 and Amsterdam- 
Oxford-New York: North Holland Publ. Comp. 1987, 753-759. 



22 


YURII KOLOMOITSEV AND JURGEN PRESTIN 


[21] J. Prestin, S. Prossdorf, Error estimates in generalized trigonometric Holder-Zygmund norms, Z. Anal. 
Anwend. 9 (4) (1990) 343-349. 

[22] S. Prossdorf, Zur Konvergenz der Fonrierreihen Holderstetiger Funktionen, Math. Nachr. 69 (1975), 7-14. 

[23] T.V. Radoslavova, Decrease orders of the Lp -moduli of continuity (0 < p < oo). Analysis Mathematica 
5 (3) (1979) 219-234. 

[24] R. Rathore, The problem of A.F. Timan on the precise order of decrease of the best approximations, J. 
Approx. Theory 77 (2) (1994) 153-166. 

[25] L. Rempulska, Z. Walczak, On approximation of 27r-periodic functions in Holder spaces, Hokkaido Math. 
J. 33 (3) (2004) 647-656. 

[26] K. Runovski, H.-J. Schmeisser, On families of linear polynomial operators generated by Riesz kernels, 
Eurasian Math. J. 1 (4) (2010) 124-139. 

[27] K. Runovski, H.-J. Schmeisser, On approximation methods generated by Bochner-Riesz kernels. J. Fourier 
Anal. Appl. 14 (1) (2008) 16-38. 

[28] S.B. Stechkin, On the order of the best approximations of continuous functions, Izv. Akad. Nauk SSSR 
Ser. Mat. 15 (3) (1951) 219-242 (in Russian). 

[29] E.A. Storozhenko, V.G. Krotov, P. Oswald, Direct and converse theorems of Jackson type in Lp spaces, 
0 < p < 1, Math. USSR-Sb. 27 (1975) 355-374. 

[30] E.A. Storozhenko, P. Oswald, Jackson’s theorem in the spaces L^(R*’), 0 < p < 1, Sibirsk. Mat. Z. 19 (4) 
(1978), 888-901 (in Russian). 

[31] S. Tikhonov, On generalized Lipschitz classes and Fourier series, Z. Anal. Anwend. 23 (4) (2004) 745-764. 

[32] R.M. Trigub, E.S. Belinsky, Fourier Analysis and Appoximation of Functions, Kluwer, 2004. 

[33] R.M. Trigub, Linear summation methods and the absolute convergence of Fourier series, Math. USSR-Izv. 
2 (1) (1968) 21-46. 

Institute of Mathematics of NAS of Ukraine, Tereschenkivska st. 3, 01601 Ukraine, Kiev-4 
E-mail address: kolomusl@mail.ru 

Universitat zu Lubeck, Institut fur Mathematik, Ratzeburger Allee 160, 23562 Lubeck 
E-mail address: prestin@math.uni-luebeck.de 



